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Abstract
In the present letter, we consider homogeneous and isotropic non-
commutative cosmological models induced by a symplectic formalism
coupled to phantom perfect fluids and a cosmological constant. After
computing the field equations, we solve them to find the scalar fac-
tor dynamics. We restrict our attention to expansive solutions, that
may represent the present expansion of our Universe. Those solutions
generate big rip singularities. We study how the parameters, of those
models, modify the time it takes to the scalar factor expands from
zero till infinity, at the big rip.
1 Introduction
In 1998 a great discovery took place in cosmology. In a series of observations
of distant supernovas two teams of astronomers discovered that our Universe
is undergoing a phase of accelerated expansion [1, 2]. If we consider that
our Universe is all that exists, that discovery means that some unknow kind
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of substance, with very unusual properties should exists in our Universe.
Instead of been attractive, like all other known matter, that substance should
be repulsive. Besides that, it should be the dominant type of matter present
in our Universe. Based on the scale of the acceleration observed in our
Universe, the estimation is that about 70% of the total matter content of our
Universe is made of that unknow substance [3]. Since then, many researchers
have formulated different proposal for that unknow substance, also known in
the literature as dark energy. Among them, we may mention some examples:
a positive cosmological constant, phantom fluid, Chaplygin gas, generalized
Chaplygin gas, quintessence, quintom, K-essence [4, 5, 6, 7, 8, 9, 10, 11, 12].
Many years ago a very interesting idea was introduced in order to try to
remove the ultraviolet divergences of quantum fields theories. That idea was
the noncommutativity between the spacetime coordinates, first introduced
by H. S. Snyder [13]. After the great success of the renormalization process
in quantum field theories, the noncommutative (NC) ideas were forgotten, in
that context. Many years later, those ideas were reborn due to important re-
sults in superstring, membrane andM-theories. See the following reviews for
more information on those important results [14, 15, 16]. Once those ideas
were revived, many physicists took the opportunity to apply them to different
areas like: quantum mechanics, condensed matter, high energy physics and
gravity. For a review of those applications see [17]. Another important area
where the noncommutative ideas have been applied is cosmology. In cosmol-
ogy those ideas were applied to the very early universe [18, 19, 20, 21, 22] and
also the present universe [23, 24, 25, 26, 27, 28, 30, 31]. Noncommutativity
ideas have also been applied to black hole physics [32, 33, 34]. In the very
early universe noncommutativity may have occurred, naturally, due to the
very high energies present at that epoch. On the other hand, in the present
epoch, it is possible that some residual noncommutativity may have survived
from the very early universe. That residual NC may be the cause of some
important cosmological physical phenomena, like the present accelerated ex-
pansion of our Universe [23, 24, 25, 26, 27, 28, 30, 31].
In the present letter, we study NC homogeneous and isotropic cosmolog-
ical models coupled to phantom perfect fluids and a cosmological constant.
The spacelike hypersurfaces of the models may have positive (k = 1), neg-
ative (k = −1) or nil (k = 0) constant curvatures. The noncommutativity
is introduced, here, as a deformed algebra of the Poisson brackets between
the metric variable, the fluid variable and their conjugate momenta (a, Pa,
T , PT ), where a is the scale factor, T is the fluid variable, Pa and PT are,
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respectively, their canonically conjugated momenta. After that, we rewrite
the theory in terms of new commutative variables and NC parameters, such
that those new variables satisfy the usual Poisson brackets algebra, up to the
first order in the NC parameters. In the literature, there are two different
ways to write the transformations from the NC variables to the new commu-
tative variables plus the NC parameters. In the first one, the transformations
are chosen by hand [18, 19, 20, 22, 23, 24, 27, 28]. In the second one, an
unique set of transformations is induced by the Faddeev-Jackiw (FJ) sym-
plectic formalism [35, 36, 37, 38]. That, more elegant, way to introduce the
transformations have already been used in cosmological models [29, 30, 31].
In fact, we want to extend the NC model, introduced in Ref.[30], to the case
where the matter content is a phantom perfect fluid.
In the next section, Section 2, the NC model, we are going to study, is
introduced. In Section 3, we present the main results of the paper. We show
how the noncommutativity introduced, here, modify the commutative model.
In Section 4, we estimate the value of the NC parameter. Finally, in Section
5, we present the main conclusions of the paper.
2 The general NC model
Following the authors of Ref.[30], we study, here, NC Friedmann-Robertson-
Walker cosmological models. The equation of state of the phantom perfect
fluid, present in the model, is given by,
p = αρ, (1)
where p is the fluid pressure, ρ its energy density and α is a constant, such
that α < −1. The constant curvature of the spatial sections may be positive,
negative or zero. The geometrical and matter sectors of the models may be
written in their Hamiltonian forms with the aid of the ADM formalism [39]
and the Schutz’s variational formalism [40, 41], respectively. The authors of
Ref.[30] used those formalisms and wrote, initially, the commutative Hamil-
tonian for a FRW model where the matter content is a perfect fluid with
equation of state (1) and a cosmological constant (Λ), for a generic value of
α. The commutative Hamiltonian is given by,
H = −
P 2a
12a
− 3ka+ Λa3 + PTa
−3α , (2)
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where the authors of Ref.[30] used the unit system where G = c = 1. In H
eq. (2), a is the scale factor and Pa is its canonically conjugated momen-
tum, they describe the geometrical degrees of freedom of the model. T is the
variable associated to the perfect fluid and PT is its canonically conjugated
momentum, they describe the matter degrees of freedom of the model. T and
PT are obtained with the aid of the Schutz’s variational formalism [40, 41].
They have already been derived in several papers [42, 43, 44, 27, 28, 31].
The noncommutativity that was studied in Ref.[30] and that we are going
to study, here, is not the noncommutativity between spatial coordinates.
Rather, it is a noncommutativity between phase space variables, that are
obtained through deformed Poisson brackets between those variables. Here,
the phase space is given by the canonical variables and conjugated momenta:
{a, Pa, T, PT}. Then, the noncommutativity, at the classical level, we are
going to study will be between these phase space variables. Since these vari-
ables are functions of the time coordinate t, this procedure is a generalization
of the noncommutativity between spatial coordinates.
As we have mentioned before, we want to extend the NC model, intro-
duced in Ref.[30], to the case where the matter content is a phantom perfect
fluid. In order to obtain a NC version of the FRW model, described by the
Hamiltonian (2), we use the FJ symplectic formalism [35, 36, 37, 38]. The
application of that formalism to the present model is described in details in
Ref.[30]. Next, let us introduce the most important points of the application
of that formalism to the present model.
Initially, we have to write the zeroth-iterative Lagrangian of the system,
L(0) = Paa˙ + PT T˙ − V (a, pa, T, PT ), (3)
where V = NΩ is the symplectic potential, Ω is the Hamiltonian (2) and N
is a Lagrangian multiplier (also known as the lapse function in the ADM for-
malism [39]). From the Lagrangian (3), we obtain the symplectic variables:
ξi = (a, Pa, T, PT , N), and the corresponding zeroth-iterative one-form canon-
ical momenta,
A(0)a = Pa, A
(0)
Pa
= 0, A
(0)
T = PT , A
(0)
PT
= 0, A
(0)
N = 0. (4)
Introducing the symplectic variables ξi and the one-form canonical momenta
(4), in the symplectic matrix definition,
fξiξj =
∂Aξj
∂ξi
−
∂Aξi
∂ξj
. (5)
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we obtain the zeroth-iterative symplectic matrix, given by,
f (0) =


0 −1 0 0 0
1 0 0 0 0
0 0 0 −1 0
0 0 1 0 0
0 0 0 0 0


. (6)
This matrix is singular, which implies the existence of constraints in the
model. It has the following zero-mode
ν =
(
0 0 0 0 1
)
. (7)
Multiplying this zero-mode by the symplectic potential gradient we have
that,
4∑
i=1
νi
∂V
∂ξi
= Ω, (8)
where Ω is a constraint. This constraint can be introduced into the kinetic
sector of the zeroth-iterative Lagrangian L(0), through the Lagrangian mul-
tiplier β. In this way, the first-iterative Lagrangian can be written as
L(1) = Paa˙+ PT T˙ + Ωβ˙ −NΩ. (9)
Now, if we repeat all the steps made in order to find L(1) eq. (9) from L(0)
eq. (3), we obtain that the first-iterative symplectic matrix is still singular.
It means that the model must have another constraint. When we compute
the new constraint, we find that it is identical to the previous one: Ω. This
result indicates that the system has a gauge symmetry that must be fixed
and introduced into the zeroth-iterative Lagrangian (3), in agreement with
the symplectic method [29]. In order to fix this symmetry, we introduce a
gauge fixing term (Σ) into the original zeroth-iterative Lagrangian (3), to
find the second-iterative Lagrangian,
L(2) = Paa˙ + PT T˙ + Ση˙ −NΩ. (10)
where Σ = N − 1, which implies that N = 1 and η is a Lagrange multiplier.
Now, if we repeat all the steps made in order to find the symplectic matrix
eq. (6) from L(0) eq. (3), we obtain from L(2) eq. (10) a non-singular
second-iterative symplectic matrix. After a straightforward calculation, we
5
obtain the inverse of the second-iterative symplectic matrix: [f (2)]−1. It is
important to remember that the elements of this matrix corresponds to the
Poisson brackets among the symplectic variables: ξ
(2)
i = (a, Pa, T, PT , N, η).
Now, we are interested in the introduction of the following NC algebra,
{a, T} = θ, (11)
{Pa, PT} = β, (12)
{a, Pa} = {T, PT} = 1, (13)
and all the other Poisson brackets are zero. The motivation to introduce
those non-trivial Poisson brackets (11) and (12) is that: since, a and T are
the only variables, in the configuration space of the theory, it is natural to
introduce the NC between them and their conjugated momenta. We will do
that using the matrix [f (2)]−1 and carrying out the procedure in a reverse
path to obtain the NC space-time Lagrangian. Therefore, after introducing
the nonzero Poisson brackets eqs. (11), (12) and (13) in [f (2)]−1, we may
invert it to obtain the NC symplectic matrix,
fNC =
1
βθ − 1


0 1 −β 0 0 0
−1 0 0 −θ 0 0
β 0 0 1 0 0
0 θ −1 0 0 0
0 0 0 0 0 (βθ − 1)
0 0 0 0 (1− βθ) 0


, (14)
where βθ − 1 6= 0. Now, we will use the NC symplectic matrix elements
(14) and the relations in eq. (5), in order to obtain a set of partial dif-
ferential equations for the NC one-form canonical momenta. After solving
those partial differential equations, taking in account that the resulting La-
grangian must be free of second order velocity terms, we find the following
NC Lagrangian,
L =
1
1− βθ
(Pa − βT )a˙+
1
1− βθ
PT T˙ + Ση˙ −NΩ. (15)
In order to obtain a commutative first-order Lagrangian, we propose the
following coordinate transformation in the classical phase space,
P˜a =
Pa − βT
1− βθ
, P˜T =
PT
1− βθ
, a˜ = a, T˜ = T. (16)
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The motivation to introduce the new set of variables {a˜, T˜ , P˜a, P˜T}, is that
they satisfy, up to the first order in the NC parameters (θ and β) the usual
Poisson brackets algebra. When the theory is written in term of those vari-
ables, the noncommutativity is described, entirely, by the NC parameters. It
is important to notice that the transformations leading to the new variables
(16), were naturally derived from the Lagrangian (15). It means that the FJ
formalism induces, naturally, a set of commuting variables. From the trans-
formations, induced by the FJ formalism, for a˜ and T˜ eq. (16), it is easy to
see that,
{
a˜, T˜
}
= {a, T} = θ. Therefore, the new variables a˜ and T˜ will
satisfy the usual Poisson brackets algebra only if θ = 0. Taking that result
in account, we will set θ = 0, which means that the denominator present in
eq. (16), 1− βθ, reduces to 1. Finally, the modified superhamiltonian of the
system is identified as being the symplectic potential NΩ, where Ω is the
Hamiltonian (2). We may write that superhamiltonian in terms of the new
variables if we invert equations (16). Therefore, in the present gauge N = 1,
it leads to,
H = −
(P˜a + βT )
2
12a
− 3ka+ Λa3 + P˜Ta
−3α. (17)
Notice that when β = 0 in H eq. (17), we recover the Hamiltonian eq. (2).
Computing the Hamilton’s equations from the Hamiltonian (17), we ob-
tain the following equations,
a˙ = −
1
6a
(
P˜a + βT
)
, (18)
˙˜
P a = −
(
P˜a + βT
)2
12a2
+ 3k − 3Λa2 + 3αP˜Ta
−3α−1, (19)
T˙ = a−3α, (20)
˙˜
P T =
β
6a
(
P˜a + βT
)
. (21)
Now, in order to find the NC Friedmann equation, we start by combining
eqs. (18) and (21),
˙˜
P T = −βa˙. (22)
Integrating both sides of eq. (22), we find,
P˜T = −βa+ C, (23)
where C is a positive integration constant which is related to the initial
fluid energy density. Finally, introducing eqs. (18) and (23) in the NC
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Hamiltonian (17), and imposing the constraint equation H = 0, for the NC
Hamiltonian, we are able to write the following NC Friedmann equation [30],
a˙2 + V (a) = 0, (24)
where
V (a) = k −
1
3
Λa2 +
β
3
a−3α −
C
3
a−3α−1. (25)
We may obtain the commutative Friedmann equation by setting β = 0 in
V (a) eq. (25).
3 Results to the NC Friedmann equation
Now, we shall solve the NC Friedmann equation (24) to find the dynamics
of the scale factor a(t). We want to concentrate our attention on expansive
solutions for they may be used to explain the present accelerated expansion
of our Universe. We, also, want to compare the solutions to the NC equation
(24) with the solutions to the corresponding commutative one (obtained from
equation (24) by setting β = 0 and C = PT ). As we can see, V (a) eq. (25)
depends on the following parameters: k, which may assume the values +1, 0,
-1; Λ, which may be positive, negative or nil; C, which is positive; α, which
is smaller than -1; and β, which must be small and may be positive, negative
or nil.
Observing V (a) eq. (25), we may obtain the qualitative behavior of the
solutions to eq. (24). We notice that, for β positive, the solutions to eq.
(24) will be bounded. It means that, the Universe starts expanding from
a small size, then it reaches a maximum size and finally it contracts to a
minimum size. Therefore, in a sense noncommutativity may eliminate the
big rip singularity, when β is positive, but it, also, eliminates the expansive
solutions. Since, we are most interested in expansive solutions, we shall
not consider, in the present letter, positive values of β. Again, observing
V (a) eq. (25), this time for models where β is negative, we notice, that the
solutions to eq. (24) will start at a minimum scale factor value, then, they
will expand and finally reach an infinity scale factor value at a finite time.
Those universes will end in a big rip singularity. It is important to mention
that, the present noncommutativity, when β is negative, does not remove the
big rip singularity, already present in the corresponding commutative models.
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Now, that we already know the general, qualitative behavior of the so-
lutions to eq. (24), when β is negative, we want to know the quantitative
behavior of those solutions. Therefore, we solved eq. (24), numerically, for
many different values of all parameters and initial conditions. Studying those
solutions, we reach the following conclusions concerning the scale factor be-
havior: (i) For any value of β, the scale factor in the NC model will always
expand more rapidly than in the corresponding commutative one. Also, if
we fix all parameters with the exception of β, the scale factor will expand
more rapidly in the NC model, for smaller values of that parameter; (ii) If we
fix all parameters with the exception of α, the scale factor will expand more
rapidly in the NC model, as well as, in the corresponding commutative one,
for smaller values of that parameter; (iii) If we fix all parameters with the
exception of C, the scale factor will expand more rapidly in the NC model, as
well as, in the corresponding commutative one, for bigger values of that pa-
rameter; (iv) If we fix all parameters with the exception of Λ, the scale factor
will expand more rapidly in the NC model, as well as, in the corresponding
commutative one, for bigger values of that parameter; (v) If we fix all param-
eters with the exception of k, the scale factor will expand more rapidly in the
NC model, as well as, in the corresponding commutative one, for k = −1,
then for k = 0 and finally for k = 1; (vi) The dynamics of the scale factor also
depends on the initial value of that quantity (a(t = 0) ≡ a0). We notice that,
if we fix all parameters and let a0 varies, the scale factor will expand more
rapidly in the NC model, as well as, in the corresponding commutative one,
for bigger values of that quantity. One important way to measure the scale
factor expansion speed is the time it takes to reach the big rip singularity,
from the initial time t = 0 (τ). Therefore, in what follows we shall compute
τ in order to compare the scale factor expansion speed of different models.
In the next subsections, we shall present the results for some particular mod-
els where the above conclusions can be easily verified. The choices of the
different parameter and initial values, in those particular models, were made
for a better visualization of the results. It is important to mention that due
to the unit system we are considering, here, the time τ , in the tables of the
next subsections, is not given in the usual time units.
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(a) (b)
Figure 1: Comparison between the scale factor dynamics of five examples
with different β values. (a) For the commutative model of Subsection 3.1.
(b) For the noncommutative model of Subsection 3.1.
3.1 Model with k = 0, α = −1.1, Λ = 0, C or PT = 0.5,
a0 = 0.1
Let us consider this model in order to exemplify our conclusions concerning
the parameter β. The choices of the different parameter values, in this partic-
ular model, were made for a better visualization of the conclusions presented
at page 9. For this model, the spatial sections are flat and the cosmological
constant is nil. The potential V (a) eq. (25), for the present model is given
by,
V (a) =
β
3
a3.3 −
1
6
a2.3. (26)
This universe starts to expand from a singularity at a = 0 and then, after a
finite time, since β is negative, the scale factor goes to infinity. For β = 0, one
obtains the commutative case. Since, the scale factor exponent in the term
with the NC parameter β is greater than the one in the phantom perfect fluid
term, the time it takes for the scale factor to reach the big rip singularity, in
the commutative model, is greater than in the NC one. Also, from V (a) eq.
(26), it is possible to see that for smaller values of β the scale factor expands
more rapidly, in the NC model. Figure 1, shows graphically the scale factor
behavior as a function of t, for a commutative model 1(a) and five different
noncommutative models 1(b). Table 1, shows τC and τNC , for each model.
10
β τC τNC
-0.1 2.3066645× 101 1.1957886× 101
-0.2 2.3066645× 101 1.0776161× 101
-0.3 2.3066645× 101 1.0039779× 101
-0.4 2.3066645× 101 9.4989056
-0.5 2.3066645× 101 9.0700437
Table 1: The table shows τNC and τC for five examples, with different β values, of the
model 3.1.
3.2 Model with k = 0, β = −0.3, Λ = −5, C or PT = 3,
a0 = 1.5
Let us consider this model in order to exemplify our conclusions concerning
the parameter α. The choices of the different parameter values, in this partic-
ular model, were made for a better visualization of the conclusions presented
at page 9. For this model, the spatial sections are flat and the cosmological
constant is negative. The potential V (a) eq. (25), for the present model is
given by,
V (a) =
5
3
a2 −
1
10
a−3α − a−3α−1. (27)
Due to the Λ term, which gives a positive contribution to the potential V (a)
eq. (27), V (a) develops a barrier that starts at a = 0 and ends at the unique
potential root (ar > 0). It means that, the universe starts to expand, in that
model, from a scale factor value that is greater than or, at least, equal to ar.
Then, after a finite time the scale factor goes to infinity. Now, if we consider
models with different values of α, we may compute τ for those models and
verify that for models with smaller values of α, the scale factor expands more
rapidly. For the NC case, as well as for the corresponding commutative one.
Figure 2, shows graphically the scale factor behavior as a function of t, for
five different commutative 2(a) and noncommutative 2(b) models. Table 2,
shows τC and τNC , for each model.
3.3 Model with k = 1, α = −1.2, β = −0.1, Λ = 3, a0 = 0.9
Let us consider this model in order to exemplify our conclusions concerning
the parameters PT (commutative) or C (noncommutative). The choices of
the different parameter values, in this particular model, were made for a
11
(a) (b)
Figure 2: Comparison between the scale factor dynamics of five examples
with different α values. (a) For the commutative model of Subsection 3.2.
(b) For the noncommutative model of Subsection 3.2.
α τC τNC
-1.5 1.3026421 0.95089510
-1.75 0.65971531 0.53859025
-2.0 0.40239020 0.34367680
-2.25 0.26770709 0.23425704
-2.5 0.18764312 0.16663763
Table 2: The table shows τNC and τC for five examples, with different α values, of the
model 3.2.
better visualization of the conclusions presented at page 9. For this model,
the spatial sections have constant positive curvatures and the cosmological
constant is positive. The potential V (a) eq. (25), for the present model is
given by,
V (a) = 1− a2 −
1
30
a3.6 −
C
3
a2.6. (28)
In the present model, at a = 0, the potential V (a) eq. (28) is positive and
equal to one, due to the constant positive curvature of the spatial sections.
V (a) has an unique positive root (ar). It means that, the universe starts to
expand, in that model, from a scale factor value that is greater than or, at
least, equal to ar. Then, after a finite time the scale factor goes to infinity.
Now, if we consider models with different values of PT or C, we may compute
τ for those models and verify that for models with greater values of PT or
12
(a) (b)
Figure 3: Comparison between the scale factor dynamics of five examples
with different PT or C values. (a) For the commutative model of Subsection
3.3. (b) For the noncommutative model of Subsection 3.3.
C, the scale factor expands more rapidly. For the NC case, as well as for
the corresponding commutative one. Figure 3, shows graphically the scale
factor behavior as a function of t, for five different commutative 3(a) and
noncommutative 3(b) models. Table 3, shows τC and τNC , for each model.
C or PT τC τNC
1 4.8549648 2.9386246
5 2.5141775 1.8683459
10 1.8271527 1.4456577
15 1.5066382 1.2283837
20 1.3114317 1.0894517
Table 3: The table shows τNC and τC for five examples, with different PT or C values,
of the model 3.3.
3.4 Model with k = 1, α = −1.5, β = −0.5, C or PT = 1,
a0 = 4
Let us consider this model in order to exemplify our conclusions concern-
ing the parameter Λ. The choices of the different parameter values, in this
particular model, were made for a better visualization of the conclusions pre-
sented at page 9. For this model, the spatial sections have constant positive
13
(a) (b)
Figure 4: Comparison between the scale factor dynamics of six examples
with different Λ values. (a) For the commutative model of Subsection 3.4.
(b) For the noncommutative model of Subsection 3.4.
curvatures. The potential V (a) eq. (25), for the present model is given by,
V (a) = 1−
1
3
Λa2 −
1
6
a4.5 −
1
3
a3.5. (29)
In the present model, at a = 0, the potential V (a) eq. (29) is positive and
equal to one, as in the previous case, due to the constant positive curvature
of the spatial sections. V (a) has an unique positive root (ar). It means that,
the universe starts to expand, in that model, from a scale factor value that
is greater than or, at least, equal to ar. Then, after a finite time the scale
factor goes to infinity. Now, if we consider models with different values of Λ,
we may compute τ for those models and verify that for models with greater
values of Λ, the scale factor expands more rapidly. For the NC case, as well
as for the corresponding commutative one. That result is valid for positive
as well as for negative values of that parameter. Figure 4, shows graphically
the scale factor behavior as a function of t, for six different commutative
4(a) and noncommutative 4(b) models. Table 4, shows τC and τNC , for each
model.
3.5 Model with Λ = 0, α = −2, β = −0.2, C or PT = 0.1,
a0 = 2
Let us consider this model in order to exemplify our conclusions concerning
the parameter k. The choices of the different parameter values, in this partic-
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Λ τC τNC
-5 9.4644114× 10−1 3.2040206× 10−1
-3 8.8158718× 10−1 3.1516455× 10−1
-1 8.3651902× 10−1 3.1035841× 10−1
1 8.0187070× 10−1 3.0591836× 10−1
3 7.7372657× 10−1 3.0179310× 10−1
5 7.5004911× 10−1 2.9794151× 10−1
Table 4: The table shows τNC and τC for six examples, with different Λ values, of the
model 3.4.
ular model, were made for a better visualization of the conclusions presented
at page 9. For this model, the constant curvatures of the spatial sections
may be positive, negative or nil. The potential V (a) eq. (25), for the present
model is given by,
V (a) = k −
1
15
a6 −
1
30
a5. (30)
In the present model, at a = 0, the potential V (a) eq. (30) may have the
value one, minus one or nil. That will depend on the value of the constant
curvature of the spatial sections. V (a) may have no roots (for k = −1), one
root at ar = 0 (for k = 0) or one root at ar > 0 (for k = 1). It means that,
the universe starts to expand, in that model, from a = 0 (for k = −1 or
k = 0) or from a scale factor value that is greater than or, at least, equal to
ar > 0 (for k = 1). Then, after a finite time the scale factor goes to infinity.
Now, if we consider models with different values of k, we may compute τ
for those models and verify that the scale factor expands more rapidly for
k = −1, then for k = 0 and finally for k = 1. For the NC case, as well as for
the corresponding commutative one. Figure 5, shows graphically the scale
factor behavior as a function of t, for three different commutative 5(a) and
noncommutative 5(b) models. Table 5, shows τC and τNC , for each model.
k τC τNC
-1 1.1880318 4.3890845× 10−1
0 1.2909943 4.4865168× 10−1
1 1.5980050 4.6010663× 10−1
Table 5: The table shows τNC and τC for three examples, with different k values, of the
model 3.5.
15
(a) (b)
Figure 5: Comparison between the scale factor dynamics of three examples
with different k values. (a) For the commutative model of Subsection 3.5.
(b) For the noncommutative model of Subsection 3.5.
3.6 Model with k = −1, Λ = −5, α = −1.5, β = −0.5, C
or PT = 1
Let us consider this model in order to exemplify our conclusions concerning
the initial condition a0. The choices of the different parameter values, in this
particular model, were made for a better visualization of the conclusions pre-
sented at page 9. For this model, the spatial sections have constant negative
curvatures. The potential V (a) eq. (25), for the present model is given by,
V (a) = −1 +
5
3
a2 −
1
6
a4.5 −
1
3
a3.5. (31)
Due to the Λ term, which gives a positive contribution to the potential V (a)
eq. (31), V (a) develops a barrier that starts at its first positive root ar1
and ends at its second positive root ar2. Where ar2 > ar1. Therefore, if the
universe starts to expand with a initial scale factor a0 < ar1, it will reach
a maximum value and then it will contract to a big crunch singularity, at
a = 0. Since, we are only interested in expansive solutions, in the present
letter, we must consider models where the universe starts to expand with a
initial scale factor a0 ≥ ar2. If it is true, after a finite time the scale factor
goes to infinity. Now, if we consider models with different values of a0, we
may compute τ for those models and verify that for models with greater
values of a0, the scale factor expands more rapidly. For the NC case, as
well as for the corresponding commutative one. Figure 6, shows graphically
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(a) (b)
Figure 6: Comparison between the scale factor dynamics of five examples
with different a0 values. (a) For the commutative model of Subsection 3.6.
(b) For the noncommutative model of Subsection 3.6.
the scale factor behavior as a function of t, for five different commutative
6(a) and noncommutative 6(b) models. Table 6, shows τC and τNC , for each
model.
a0 τC τNC
3.0 1.3477826 4.6008098× 10−1
3.5 1.0859040 3.7768274× 10−1
4.0 9.3707133× 10−1 3.1973733× 10−1
4.5 8.3351560× 10−1 2.7662077× 10−1
5.0 7.5531487× 10−1 2.4325411× 10−1
Table 6: The table shows τNC and τC for five examples, with different a0 values, of the
model 3.6.
4 Estimating the value of the noncommuta-
tive parameter β
In the present section, we want to estimate the value of the NC parameter β.
In order to do that let us consider the NC Friedmann equation (24) with the
parameters fixed, by the present observations. We, must also, consider the
constants G and c in their MKS units, since we want to obtain the time τ
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in usual time units. Initially, we fix k = 0, which is the most accepted value
for the curvature parameter, currently. Then, we consider that the only dark
energy source is the phantom perfect fluid. Therefore, we set Λ = 0. We fix
the perfect fluid parameter α = −1.01, which agrees with the observations
[45]. The parameter C may be written as C = ΩdeH
2
0 , where Ωde is the dark
energy mass parameter and H0 is the present Hubble constant. We use, here,
that Ωde = 0.7 and H0 = 72kms
−1Mpc−1 [45]. Introducing those values for
the parameters in eq. (24), we may write it as an integral equation, after
separating the scale factor dependence from the time dependence,
∫ 1
ah
da√
((4.614× 10−36)a2.02 − 3βa3.03)
=
1
3
∫ 4.32×1017
th
dt. (32)
In eq. (32), we fix the present scale factor value a0 = 1 and the present
age of the Universe t0 = 4.32 × 10
17s (≈ 13.7 × 109 years). Also, in that
equation, the time th means the age of the Universe, when the accelerated
expansion started, and ah gives the corresponding scale factor value, at that
time. We solve eq. (32) for nine different set of values of {ah, th}, finding nine
different values for β. They are given in Table 7. After that, for each value of
β obtained, we solve eq. (24), using the same values of the other parameters,
as described in the previous paragraph. We use, as initial conditions to those
equations, the appropriate values of ah and th. That gives the opportunity
to obtain, for each value of β, the time it takes to the universe reaches the
big rip singularity (tbr). In other words to reach its end. The value of that
time, for each value of β, is given in Table 7. Figure 7, shows graphically the
scale factor behavior as a function of t, for the nine NC models with different
β values.
From Table 7, we observe that β increases as th diminishes. That result
agrees with the idea that noncommutativity must had been more important
at the beginning of the Universe. Another result, coming from Table 7, is
that for smaller values of β, tbr diminishes. It agrees with the conclusions
of our study. For smaller values of β the scale factor expands more rapidly.
See Table 1, from the example of Subsection 3.1, for another instance of that
result.
Finally, it is important to mention that in Ref.[28] the authors considered
a NC FRW cosmological model, where the matter content is a phantom
perfect fluid. In Ref.[28], the NC was introduced by the following deformed
Poisson brackets: {anc, PTnc} = {Tnc, Panc} = γ, where γ is a NC parameter.
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Figure 7: Scale factor behavior as a function of t, for nine NC models with
different values of β. The time t is given in seconds.
ah th(Gyear) β tbr(Gyear)
0.9 12.0224 −1.280207183× 10−35 29.9959
0.8 10.5167 −1.479734788× 10−35 29.6796
0.7 8.9511 −1.764159846× 10−35 29.1685
0.6 7.3488 −2.190432606× 10−35 28.4103
0.5 5.7470 −2.870500485× 10−35 27.3511
0.4 4.1973 −4.0483989954× 10−35 25.9431
0.3 2.7629 −6.34762679× 10−35 24.1457
0.2 1.5148 −11.839727650× 10−35 21.9076
0.1 0.5370 −3.229384375× 10−34 19.0753
Table 7: Table with the estimates for β and the time till the end of the Universe.
Comparing those Poisson brackets with the deformed ones used here, eqs.
(11) and (12), we notice that they are different. That difference between the
two sets of Poisson brackets, leads to different scale factor dynamics for each
NC theory. Therefore, they are not physically equivalent, as it was shown in
a detailed comparison between those two theories[27]. Although, we cannot
directly compare our results with the ones in Ref.[28], because the gauge we
are considering here is different from the one used there, we notice that our
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estimates for the NC parameter are very different from the ones obtained
there. That, in our opinion, may be another illustration of the difference
between the two NC theories.
5 Conclusions
Due to the presence of a phantom perfect fluid, in the model, and a negative
NC parameter, the solutions to eq. (24) will start at a minimum scale factor
value, then, they will expand and finally reach an infinity scale factor value
at a finite time. Those universes will end in a big rip singularity. It is
important to mention that, the present noncommutativity does not remove
the big rip singularity, already present in the corresponding commutative
models. Solving eq. (24) for many different values of all parameters, we reach
the following conclusions concerning the scale factor behavior: (i) For any
value of β, the scale factor in the NC model will always expand more rapidly
than in the corresponding commutative one. Also, if we fix all parameters
with the exception of β, the scale factor will expand more rapidly in the
NC model, for smaller values of that parameter; (ii) If we fix all parameters
with the exception of α, the scale factor will expand more rapidly in the NC
model, as well as, in the corresponding commutative one, for smaller values
of that parameter; (iii) If we fix all parameters with the exception of C, the
scale factor will expand more rapidly in the NC model, as well as, in the
corresponding commutative one, for bigger values of that parameter; (iv) If
we fix all parameters with the exception of Λ, the scale factor will expand
more rapidly in the NC model, as well as, in the corresponding commutative
one, for bigger values of that parameter; (v) If we fix all parameters with the
exception of k, the scale factor will expand more rapidly in the NC model,
as well as, in the corresponding commutative one, for k = −1, then for k = 0
and finally for k = 1; (vi) The dynamics of the scale factor also depends on
the initial value of that quantity (a(t = 0) ≡ a0). We notice that, if we fix
all parameters and let a0 varies, the scale factor will expand more rapidly in
the NC model, as well as, in the corresponding commutative one, for bigger
values of that quantity.
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